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Suspensions

o ?

Macro: Micro:

Effective viscosity Radius of particles
Sedimentation coefficient Viscosity of fluid
Hydrodynamic factor Number density of particles

“The simplest” system:
Suspension of spherical particles (hard spheres)
Problem: from micro to macro



Hard-sphere suspension — microscopic description

Unbounded liquid, Force densities acting on
N particles suspension: fo (I') fpart (I‘)
> foo/
J ® fluid particles
N

o ¢ @ | Response of suspension: 'V, ;. Zf@- (r)

® > // = '\

o translational and angular velocity

surface forces

Stokes equations:

Vp(r) —nAv(r) = fio(r) +) fi(r)
V-v(r) = 0 =1



Calculation of hydrodynamic interactions

Single particle in ambient flow Vo (r) = /6131'/@ (r —1') - fo (r')

@ 0= [&ME- R R)ve()
—_—— T~

Single freely moving particle response operator

Suspension in ambient flow:




Scattering series

ambient flow

o
° ® ﬂ;( i)+ Y M@EGM() + > > M()GM(j)GM(k) + )

J7i J7F1 k#]

Green function for Stokes equations

Single particle response operator

M(1)GM(3)GM (2)GM (1) x

G><M(4)GM(5)GM(4)><G><M() ' A O
short range hydrodynamlc interactions
(strong interactions of close particles)

long range hydrodynamic interactions (nodal line)

block structure: Sr(Ch) S1(C5) S1(Cs)
015123 02545 0356

Example of scattering sequence (many-body): ﬁ M (6)
4 i




Macroscopic description

Average force density:

= < E fid(R — 7/)>
U — Average over probability distribution

for configurations of particles,
thermodynamic limit

(f (R)) = / FR'T (R,R) vy (R')

N\

Response operator for suspension in ambient flow

T = S‘ S‘ /d01 dCy n(C1...Cy) S1(C1G ...GS1(Ch)

b=1 C;.. /

s-particle distribution functions




Response of suspension

(effective viscosity)
average velocity field of suspension

'

1) (R) = [ @ T (RR) () (R)

average surface dipole force (v(R)) =v9(R) + /dI"G(R, R’) (f(R))

(f (R)) = / FR'T (R.R') v (R)

Relation between T and T%"" operators:

T — Ti“r"r (1 o GTiTT)_l

Effective viscosity coefficient is given directly by the response operator T



Derivation of microscopic expression for Tirr

S rr irr) —1
T=) > /dCl...dC’bn(01...Ob)SI(Cl)G...GSI(C’b) T=T" (1-GT")
b=1C;...C

S1(Ch) S1(C5) S1(C3) S1(Ch)

n (010203 ce Cb)

Diagrammatic approach...



S1(Ch) S1(Cs) S1(Cs) S1(Ch)

n (010203 ce Cb)

Definition of correlation functions g (between groups of particles):
n(C1) = g(Ch)
n(C1C2) = g(C1)g(C2) + g(C1|Cs)

n(C1C2C03) = g(C1)g(C2)g(Cs) + g(C1]C2)g(Cs)

+9(C1]C3)g9(C2) + g(C1)g(C2|C3)
+9(C2|C2|C3)




S1(Ch) S1(C5) S1(Cs)

n (010203 ce Cb)

Diagrammatic representation of correlation functions:

S1(Ch)



S1(Ch) S1(C5) S1(Cs)

n (010203 ce Cb)

Diagrammatic representation of correlation functions:

n(C102) = g(C1)g(C2) + g(C1|Cy)

C C C C
n(CiC)= o o + e 2

S1(Ch)



S1(Ch)

S1(C5) S1(Cs)

S1(Ch)

n (010203 ce Cb)

Diagrammatic representation of correlation functions:

TL(C1 0203)

n(C’lCng) —

= g(C1)g(C2)g9(C3) + g(C1|C2)g(C3)
+9(C11C3)g(C2) + g(C1)g(C2|C3)

+9(C1]C2|C3)
Ch Cy C3 Cs
() () ® Q\/ ()

C2 Cs

+‘\_2/‘3+‘ '\j
+‘\_/'\_/’



Example of reducible diagrams:

S;(C1)—S; 3)——S;1(Cy)—S;(C5) S1(Ch_1)—S1(Cy)

(C2)—=51(C3)—=51(C4) (Cs)—. .

Example of irreducible diagram:

S1(C1)—=51(Co)—S1(C5)—S1(Cy)—S;(C S1(Cyr—1)—S51(Cp)

T — T’i’r'r 1+ T’i’r’rGT




Cluster expansion (1982).

T = S‘ S‘ /d01 dC,b(CY]...|C))S1(C1)G ...GS(Cy)

g=1C;..

Block distribution functions (in diagrammatic language):

b(Ci|...|Cy) = Allterms from n(C1...Cy) giving irreducible
diagrams for sequence (| . .. |Cy

Block distribution functions (recurrence formula):

b(C') = n(C)

b(Ch|...|CkIChst]...|Cy) = b(Cy|...|CkChsa]...|Cy)
—b(Cy]...|C)b(Chaa] ... |Cy)



Further analysis of Tirr (2011)

i =% S‘ /d01 AC,B(Ch|...|C)SHCG ... GSH(C,)

g=1C]..

all correlations are possible here, they yield
’I’L(Cg ce Cb—l)
and after resummation of scattering sequences and integration:

Geff =G+ GTG



Further analysis of Tirr (2011)

i =% S‘ /d01 AC,B(Ch|...|C)SHCG ... GSH(C,)

g=1C]..

all correlations are possible here, they yield

n(0203)n(05 c e Cb—l)
and after resummation of scattering sequences and integration:

Geff =G+ GTG



T =) ) / dCy ... dCyH(Ch|...|C)S1(C1)Gegt . .. GeggS1(Ch)
b=1 C1...Cy

Block correlation functions (in diagrammatic language):

H(C4|...|Cy) = Allchains from n(C; ...C,)

Chains — all terms from n(C} ... () which connect all points
(also through intersection), e.g.

H(C) = o

C Cy
H(Ol‘CQ) = @&e_9

H(C4|C5|Cs) = e 8 _ o



T =% ) / dCy ... dCyH(Ch|...|C)S1(C1)Geg . . . GegS1(Ch)
b=1 C1...Ch

Block correlation functions (in diagrammatic language):

H(C4|...|Cy) = Allchains from n(C; ...C,)

Chains — all terms from n(C} ... C,) which connect all points
(also through intersection), e.g.

C Co C3 Cy
H(C|Co|C3|Cy) =@ 8 o8 ®
C4 Cy C3 Cy




i 2§ S‘ / dCy ... dCyH(Chl .. .|C)S1(Cy)Gegr . .. GogSi(Ch)
b=1C1..

Block correlation functions (in diagrammatic language):

H(Cq|...|Cy) = Allchains from n(C; ...C,)

Block correlation functions (recurrence formula):
b(Chl...|Ch) =
Z?«;i D 1= i1 <ig<...<ipy1=b H(Cy | |Czr+1) X
n({Ci, ... Ci, J\{C;, Ciy }) - ({C Ci +1}\{ 7»r+1})



Comparison of ring expansion with cluster expansion

Felderhof, Ford, Cohen: T = Z Z /dCl . dCW(CY] ... |Cy) S (C)G ... GS1(Cy)
b=1C1...Cy

Ring expansion (2011)

T =3 30 / dCy .. dCyH(Cyl. .. |C)S1(C)Gag . . GogrSi(Ch)
b=1C1...C

When middle group goes away from others:

b (Cl |OQ|03) — b (01|03) b (CQ)
propagators

H(01|CQ|03) — 0

Two important differences:
-propagator
-volume of integration




Two approximation schemes

Constructing approximate method by carrying over approximation from
cluster expansion to ring expansion with the following modification:

G — Geg

Clausius-Mossotti — Generalized Clausius-Mossotti

approximation approximation

(two-body hydrodynamic interactions incomplete — the
same as in dy scheme (1983))

One-ring approximation (fully takes into account two-body

hydrodynamic interactions)

Input:

-volume fraction

-two-body correlation function (PY); (three-particle correlation function by two
body correlation function (Kirkwood))

-two-body hydrodynamic interactions



Repeating structures in 7"

Tz'fr'r Tzrr (1 . [hG] Tér]\'i;[)_l

Clausius-Mossotti operator

Clausius-Mossotti approximation: TWT nM

Ti?“r Tzrfr (1 . [hGeff] T}{CQ;M) —1

renormalized Clausius-Mossotti operator

. . . . . 1TT
Generalized Clausius-Mossotti approximation: TRCM ~nB

Approximate method formulated in terms of approximation for T”T



T=nB+ A

/

sequences that starts
and ends on the same
particle

nB =nM + / IR'AR,R)G(R’,R)M
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Effective viscosity

|
Jednopierscieniowe

Uog. przybl. C-M — — —
'Iye-::uria Py v
Symulacje -------

Werff et al.




=| =

25

20

15

10

Inverse of sedimentation coefficient

K = H(0)
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Inverse of mobility of single particle in suspension H (o)

4.5 1 | | I
Przybl. jednopierscieniowe
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Hydrodynamic factor — one ring approximation

Jednopierscieniowe, ¢§=5%
Jednopierécieniowe, 6=15%
Jednopierscieniowe, (0=25%
Jednopierscieniowe, $=35%
Jednopierscieniowe, ¢=40%

S— Symulacje, ¢=5% ——
—— Symulacje, $=15% ——
e Symulacje, ¢=25% ——
------- Symulacje, $=35% ——

Symulacje, ¢=40% ———



Summary and possibilities

sLong-range, many-body hydrodynamic interactions and strong interactions of
close particles are important in suspensions

sRing expansion for transport coefficients — can grasp all of three above features

#Two approximation schemes for transport coefficients:
*generalized Clausius-Mossotti approximation (two-body hydrodynamic
interactions not fully taken; comparable to dy scheme),
+*0ne-ring approximation (full two-body hydrodynamic interactions, much better
accuracy than hitherto theoretical methods in comparison to numerical
simulations for volume fraction less than 35%)

#Simple generalization for different suspensions of spherical particles (droplets,

spherical polymers) with different distributions (charged particles)



Renormalized Clausius-Mossotti operator

T]i{g’M = ZTJi%TgM,ra
r=0
T (RR) = 3 / dCin (C1) S1(C1; R, RY),
C1

T]i%rg'M,l (R7 Rl)

Z /dCldCQ/d3R1d3R2 [H(Cl|02) —h(Rl,RQ)] X
C1,C2

xn (C1) S1(C1; R, Ry )Gerr (R1, Ry)n (Co) S1(Co; Ra, RY),

One-ring approximation:
At most one ring in T4~ ,
At most two particle hydrodynamic interactions in .Sy

Kirkwood approximation for three-particle distribution function:
n (123) =~ n’g (12) g (13) g (23)
Renormalization of two-particle interactions:

S](IQ)— > BS[(IQ)B T — nB + BTiTTB
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Fig. 6.3: Reduced short-time sedimentation coefficient, K", of neutral hard spheres. Open
circles: Hydrodvnamic force multipole simulation data by Abade et al. [26]. Open Squares:
Lattice-Boltzmann simulation data by Segré et al. [208]. Black dashed line: PA-scheme re-
sult. Dashed-dotted red line: uncorrected 8y-scheme result. Dashed orange line: self-part
corrected 0y-scheme result, with d, [ d, y taken from the PA-scheme. Solid black line: self-part
corrected dy-scheme result, with d,/d; oy according to Eg. (4.26). Solid blue line: second-
order virial result K% =1 - 6.5460 + 21 .913¢3 {166 ], The static structure factor input was
obtained using the analytic Percus-Yevick solution.



Approximate methods hitherto

There are many...

Clausius-Mossotti like (further)

“dy scheme” (most comprehensive hitherto):
Neff = Co T 015’)/ + 62(5"}/)2 + ...

Fully taking into account two-body HI demands infinite order



Renormalization

short-range hydrodynamic interaction

Cluster expansion (1982): /

i = § 5‘!/d01 AC,H(Ch] ... |C)SHC)G . .. GSH(Cy)

= ////////' t/’

Oseen tensor (pure liquid):

block distribution function 1 14t
(configurations of particles) G =

8 T

Ring expansion (2011):

TV = S“ S‘!/dcl LAC,H(Cy|...|Cy)S1(C1)Gegr . .. GearS1(Cy)

g=1C\.. / V

block correlation function Effective propagator:
(configurations of particles); G n
H=b for g=1,2, eff(T) ~
H different from b for g>2. Teft

G(r)
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