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Suspensions

“The simplest” system:
Suspension of spherical particles (hard spheres)
Problem: from micro to macro

Macro:

Effective viscosity
Sedimentation coefficient
Hydrodynamic factor

Micro:

Radius of particles
Viscosity of fluid
Number density of particles



  

Force densities acting on 
suspension:

Response of suspension:

Stokes equations:

fluid particles  

translational and angular velocity

surface forces

Unbounded liquid,
N particles

Hard-sphere suspension – microscopic description



  

Single particle in ambient flow

Suspension in ambient flow:

Single freely moving particle response operator 

Calculation of hydrodynamic interactions



  

Single particle response operator 

Scattering series

Example of scattering sequence (many-body):

short range hydrodynamic interactions
(strong interactions of close particles) 

Green function for Stokes equations

ambient flow

long range hydrodynamic interactions (nodal line) 

block structure:



  

Macroscopic description

Response operator for suspension in ambient flow

s-particle distribution functions

Average force density:

Average over probability distribution 
for configurations of particles,
thermodynamic limit



  

Response of suspension

average surface dipole force 

average velocity field of suspension
(effective viscosity)

Effective viscosity coefficient is given directly by the response operator

Relation between     and          operators:



  

Derivation of microscopic expression for Tirr

Diagrammatic approach...



  

Definition of correlation functions g (between groups of particles):



  

Diagrammatic representation of correlation functions:



  

Diagrammatic representation of correlation functions:



  

Diagrammatic representation of correlation functions:



  

Example of reducible diagrams:

Example of irreducible diagram:



  

Cluster expansion (1982):

All terms from                         giving irreducible 
diagrams for sequence

Block distribution functions (in diagrammatic language):

Block distribution functions (recurrence formula):



  

Further analysis of Tirr (2011)

all correlations are possible here, they yield

and after resummation of scattering sequences and integration:



  

Further analysis of Tirr (2011)

all correlations are possible here, they yield

and after resummation of scattering sequences and integration:



  

All chains from

Block correlation functions (in diagrammatic language):

Chains – all terms from                        which connect all points
(also through intersection), e.g.



  

All chains from

Block correlation functions (in diagrammatic language):

Chains – all terms from                        which connect all points
(also through intersection), e.g.



  

All chains from

Block correlation functions (in diagrammatic language):

Block correlation functions (recurrence formula):



  

propagators
correlations

Felderhof, Ford, Cohen:

Ring expansion (2011)

When middle group goes away from others:

Comparison of ring expansion with cluster expansion

Two important differences:
-propagator
-volume of integration



  

Constructing approximate method by carrying over approximation from  
cluster expansion to ring expansion with the following modification:

Generalized Clausius-Mossotti 
approximation

Clausius-Mossotti 
approximation

(two-body hydrodynamic interactions incomplete – the 
same as in δγ scheme (1983))

One-ring approximation (fully takes into account two-body 
hydrodynamic interactions)

Input:
-volume fraction
-two-body correlation function (PY); (three-particle correlation function by two 

body correlation function (Kirkwood))
-two-body hydrodynamic interactions

Two approximation schemes



  

Repeating structures in

Clausius-Mossotti approximation:

Generalized Clausius-Mossotti approximation:

Clausius-Mossotti operator

renormalized Clausius-Mossotti operator

Approximate method formulated in terms of approximation for



  

sequences that starts 
and ends on the same 
particle



  

Effective viscosity



  

Inverse of sedimentation coefficient



  

Inverse of mobility of single particle in suspension



  

Hydrodynamic factor – one ring approximation



  

Summary and possibilities

Long-range, many-body hydrodynamic interactions and strong interactions of 

close particles are important in suspensions

Ring expansion for transport coefficients – can grasp all of three above features 

Two approximation schemes for transport coefficients:

generalized Clausius-Mossotti approximation (two-body hydrodynamic 

interactions not fully taken; comparable to δγ scheme),

one-ring approximation (full two-body hydrodynamic interactions, much better 

accuracy than hitherto theoretical methods in comparison to numerical 

simulations for volume fraction less than 35%)

Simple generalization for different suspensions of spherical particles (droplets, 

spherical polymers) with different distributions (charged particles)



  

Renormalized Clausius-Mossotti operator

One-ring approximation:
At most one ring in  

At most two particle hydrodynamic interactions in 

Kirkwood approximation for three-particle distribution function:

Renormalization of two-particle interactions:



  



  

Approximate methods hitherto

“δγ scheme” (most comprehensive hitherto): 

Clausius-Mossotti like (further)

Fully taking into account two-body HI demands infinite order

There are many...



  

Ring expansion (2011):

Renormalization

block correlation function
(configurations of particles);
H=b for g=1,2,
H different from b for g>2.

Effective propagator:

Cluster expansion (1982):

Oseen tensor (pure liquid):

block distribution function
(configurations of particles)

short-range hydrodynamic interaction 
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